Fractal Dimension and Localization of DNA Knots by Ercolini, Erika et al.
ar
X
iv
:c
on
d-
m
at
/0
60
90
84
v1
  [
co
nd
-m
at.
so
ft]
  5
 Se
p 2
00
6
APS/123-QED
Fractal Dimension and Localization of DNA Knots
Erika Ercolini,1 Francesco Valle∗,1 Jozef Adamcik,1 Guillaume Witz,1 Ralf
Metzler,2 Paolo De Los Rios,3 Joaquim Roca,4 and Giovanni Dietler1
1Laboratory of Physics of Living Matter, IPMC,
Ecole Polytechnique Fe´de´rale de Lausanne (EPFL), CH-1015 Lausanne, Switzerland
2Nordic Institute for Theoretical Physics (NORDITA), Blegdamsvej 17, 2100 København Ø, Denmark
3Laboratory of Statistical Biophysics, ITP, Ecole Polytechnique Fe´de´rale de Lausanne (EPFL), CH-1015 Lausanne, Switzerland
4Instituto de Biologia Molecular de Barcelona, CID - CSIC, Jordi Girona 18 - 26, 08034 Barcelona, Spain
(Dated: June 21, 2018)
The scaling properties of DNA knots of different complexities were studied by atomic force mi-
croscope. Following two different protocols DNA knots are adsorbed onto a mica surface in regimes
of (i) strong binding, that induces a kinetic trapping of the three-dimensional (3D) configuration,
and of (ii) weak binding, that permits (partial) relaxation on the surface. In (i) the gyration radius
of the adsorbed DNA knot scales with the 3D Flory exponent ν ≈ 0.58 within error. In (ii), we
find ν ≈ 0.66, a value between the 3D and 2D (ν = 3/4) exponents, indicating an incomplete 2D
relaxation or a different polymer universality class. Compelling evidence is also presented for the
localization of the knot crossings in 2D.
PACS numbers: 87.64.Dz, 82.35.Gh,87.14.Gg,36.20.Ey
The first systematic study of knots was undertaken by
Tait in the 19th century [1], following Kelvin’s theory
of vortex atoms [2]. During the 20th century progress
was made understanding knots in a topological frame-
work and invariants were found to classify them [3, 4].
Experimentally, knots remained elusive and difficult to
study, but the discovery of their role in biological pro-
cesses [5, 6] revived the interest in their properties. For
example, knots on DNA inhibit its separation into sin-
gle strands during replication, impede access to the full
genetic code during transcription, are implicated in gene
regulation [7], and influence DNA stability [8]. Replica-
tion and transcription of circular DNA are controlled by
topoisomerases [5] promoting questions on the detailed
mechanism of knot detection [9]. Finally, knots have also
been found in proteins in their native states [10]. The
physical interest in the behavior of DNA knots concerns
two main questions: (i) the scaling properties of the ra-
dius of gyration Rg[11] and (ii) knot localization.
(i) From simulations and scaling arguments, it is com-
monly accepted that the gyration radius of knots to lead-
ing order scales as Rg ≃ AL
ν , for all knot types, as long
as the polymer is sufficiently long [12, 13], where L is the
contour length. Here, we quantify the Flory exponent ν
of 3D and 2D configurations by determining the fractal
dimension of single DNA knots.
(ii) From a polymer physics interest, and to understand
better the action of topoisomerases and the physiological
role of DNA knots, it is crucial to find out whether knot
segregate into simply connected rings, with all essential
crossings confined in a knot region of contour length s
much smaller than the overall chain length L. Such local-
ization has been predicted theoretically as a consequence
of entropic maximization [14]. Simulations in 3D yield
a size distribution of the knot region that is peaked well
below L for fixed knot types [15], and the size s of the
knot region scales as s ∼ Lt, with t < 1 [12, 13]. It
is experimentally difficult to probe the predicted scaling
behavior s ∼ Lt, since L would have to be varied signifi-
cantly. This is at present out of reach given the available
techniques used to prepare the DNA knots.
Here we study the scaling properties and chain config-
uration of DNA knots adsorbed onto a mica surface by
atomic force microscope (AFM). Under strong trapping
conditions, we find that the gyration radius Rg scales
with the 3D exponent ν ≈ 0.58, while for weak trapping
a larger value is observed, ν ≈ 0.66. Moreover, from
the analysis of single chain configurations we conclude
that simple knots localize, as predicted from simulations
studies.
Usually, knotted DNA obtained by topoisomerases is
studied by electron microscopy (EM) [16, 17]. For suffi-
cient contrast at the crossings, EM imaging requires coat-
ing of DNA by the protein RecA, causing pronounced
changes of physical parameters of DNA such as stiff-
ness and apparent diameter [5, 6, 17]. As we document
here, AFM can provide high resolution images of bare
DNA, permitting to probe its unmasked polymeric prop-
erties. AFM has been applied to the visualization of
catenanes, resolving the crossings without protein coat-
ing [18]. Being a surface technique probing the 2D prop-
erties of the adsorbed DNA, AFM does not give direct
access to the 3D conformation. However, we have shown
that such information can indeed be extracted from AFM
images [19]. In particular, we obtain the scaling expo-
nent ν by determining the (average) fractal dimension
df = 1/ν of individual DNA knot configurations [20].
The configuration is found at single molecule level from
AFM images of DNA knots adsorbed onto a flat surface
2sider two cases: (i) strong adsorption of DNA knots on
3-aminopropyltriethoxy silane (APTES) modified mica;
this strong kinetic trapping roughly corresponds to a pro-
jection of the DNA knot onto the APTES-mica surface.
As the fractal dimension of a non-compact polymer in 3D
fulfills df ≤ 2, its projection onto a 2D surface preserves
the value of df [20], and we can indeed infer the scaling
exponent of the 3D structure. (ii) The second case is
weak adsorption onto untreated mica in the presence of
Mg2+ ions in solution. The ions act as bridges between
the negative mica surface and DNA charges. In this case,
the adsorption process allows for (partial) 2D relaxation
of the knot configuration.
Knotted and unknotted DNA was isolated from P4
phage capsids according to the protocols given in [21, 22].
All DNA knots are 10,346 base pairs (bp) long, corre-
sponding to a total contour length of ≈ 3.5 µm for all
knots types. The solutions contained a mixture of knot
types with a minimal crossing number ranging up to 30-
40, with mean complexity close to 30 minimal crossings.
Further extraction by electroelution from agarose gels
was performed to yield solutions containing DNA knots
of low minimal crossing numbers in a range from 3 to
6 [23, 24]. We cannot exclude that among these simple
knots some could be unknots. The DNA knots were free
from disturbing supercoiling since they were obtained
by joining complementary ends without ligation of the
strands (nicked DNA). Knotted DNA was diluted in a
buffer solution of 10 mM Tris-HCl, pH 7.6 and stored at
4◦C. For strong adsorption experiments [19], the freshly
cleaved mica substrate was positively charged by expos-
ing it to 3-aminopropyltriethoxy silane (APTES) vapors
during 2 hours at room temperature in a dry atmosphere
[25]. A 10 µl drop of a knotted DNA solution was de-
posited onto the substrate surface during 10 minutes and
then rinsed with ultra-pure water (USF, Elga). For the
weak adsorption experiments, 10 µl DNA knot solution
(in TE buffer containing 5 mM MgCl2) was deposited
on freshly cleaved mica during 10 minutes and then the
sample was rinsed with ultrapure water (see above). The
samples were finally blown dry with air. The DNA im-
ages were recorded by means of an AFM operated in
intermittent-contact mode, in order to reduce the effect
of lateral forces during scanning of the surface [26]. For
the case of strong adsorption, we checked that the sample
remains stable for weeks if kept in dry atmosphere and
that upon imaging in liquid the molecules do not rear-
range, proving the irreversibility of the adsorption [19].
Figure 1 depicts typical images of four knotted DNA
molecules, where the left column is obtained under strong
adsorption conditions, and the right column under weak
adsorption. In the top row, knots with few essential
crossings (≤ 6) are shown, while the bottom row features
more complex knots with up to 30 essential crossings. It
is evident from these images that strong adsorption yields
molecules with many crossings, although most of them
FIG. 1: AFM images of DNA knots selected from hundreds
recorded. Strong adsorption case in the left column, weak ad-
sorption on the right. Top row shows simple knots (≤ 6 essen-
tial crossings), bottom row complex knots (up to 30 essential
crossings). Although statistically all knots behave similarly,
single knots images clearly differ from each other. The scale
bar represents 250 nm on all images.
are non-essential, while for the weak adsorption likely
only the essential crossings are present. The latter case
would indicate that the molecules are relaxed in a quasi
2D state.
The fractal dimension was determined from the im-
ages using the box counting algorithm calculating the
number of boxes N(L) containing a part of the molecule
as a function of the box size L [20]. Each image of a
DNA knot was put through the algorithm and the re-
sulting function was fitted with Eq. 1. The curves for
N(L) present two scaling regimes, as shown in Fig. 2,
similarly to the linear DNA case [19]. On length scales
smaller than the crossover length ℓp, DNA appears like
a rigid rod with d1 ≈ 1, while on scales larger than ℓp,
DNA appears flexible, and the relevant scaling exponent
can be observed. We therefore interpret ℓp as the per-
sistence length of DNA (for double-stranded DNA under
normal conditions ℓp ≈ 45 nm). The fractal dimension
df for both large and small length scales, and the persis-
tence length ℓp from each individual molecule were then
averaged to yield the overall quantities d¯f and ℓ¯p.
To describe the crossover of N(L) from the initial rigid
rod behavior to SAW behavior at L = ℓp we used the
function
N(L) = a
(
L
ℓp
)
−d1 (
1 +
L
ℓp
)
−(df−d1)
(1)
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FIG. 2: Log-log plot of the number N(L) of boxes of size L
filled with the knot versus L. The line is a fit to Eq. (1).
TABLE I: Fractal dimension df , Flory exponent ν, and per-
sistence length ℓp for the strong adsorption case.
Strong adsorption
df ν = 1/df
Unknots 1.711 ± 0.042 0.585 ± 0.014
Simple knots 1.685 ± 0.055 0.594 ± 0.019
Complex knots 1.835 ± 0.076 0.545 ± 0.024
Tab. I summarizes the results for the fractal dimension
and critical exponents for strongly adsorbed DNA knots,
representing averages over 50 DNA knots. The errors are
taken as the standard deviations for each case. Simple
knots correspond to an essential crossing number ≤ 6,
while the complex knots comprise all knots in a wide dis-
tribution of essential crossings with the most probable
number of essential crossings around 30 [22]. In Tab. I,
the first line contains the values for the unknots, that
were purified from the same gel as the knots by taking the
slowest band. Similarly to the knots, this circular DNA
is not supercoiled because it is nicked. The results pro-
vide the first experimental proof that circular and knot-
ted DNA under strong adsorption conditions correspond
to a geometrical projection of the 3D configuration, and
that the fractal dimension df ≈ 1.7 is preserved upon
strong adsorption, consistent with the previous findings
for linear DNA [19]. In particular, these results confirm
the theoretical and numerical findings that the gyration
radius of circular and knotted flexible polymers scales
like Rg ∼ L
ν with ν ≈ 0.588 [12, 13, 27].
Tab. II contains the results for the case when DNA
knots were deposited in presence of Mg2+. The images
in the right column of Figure 1 clearly indicate that
there are significantly less crossings than in the strong
adsorption case (left column). One expects exponents
that clearly differ from the 3D values, since relaxation
TABLE II: Same parameters as in Tab. I but for the weak
adsorption case.
Weak adsorption
df ν = 1/df
Unknots 1.491 ± 0.037 0.670 ± 0.017
Simple knots 1.530 ± 0.065 0.654 ± 0.028
Complex knots 1.541 ± 0.086 0.650 ± 0.036
FIG. 3: Upper left : image of an unknot. The other images
are DNA knots with a number of essential crossings smaller
than 6 as separated from the agarose gels. Scale bar 250 nm.
should lead to conformations closer to the ones of 2D
polymers, characterized by ν = 0.75. Yet, the scaling
exponents for all three cases are significantly smaller,
ν = 0.66(1) < 0.75. This may indicate that only a partial
2D relaxation takes place under weak adsorption condi-
tions, or, that we are in presence of a different universal-
ity class. These points need to be further clarified using
much longer DNA molecules.
In the analysis each knot was treated separately and
data were fitted with Eq. (1). The results presented in
Tables I and II are the averages of the fractal dimensions
or of the corresponding critical exponents. This proce-
dure avoids the problem of knowing exactly the knot type
and to average over only one type of knot [27]. All val-
ues for d1 were within 1.0 ± 0.1 corroborating the stiff
rod behavior on lengths scales shorter than ℓp.
The average persistence length ℓp gained from the fits
with (1) was in the range 7 − 10 nm for strong adsorp-
tion (APTES-mica) and between 30 − 50 nm for weak
adsorption (Mg2+). The small values in the first case
are probably due to the very many unessential crossings,
making the apparent persistence length determined from
Eq. (1) much shorter. In fact, if we analyze the traceable
parts of the DNA molecules and apply the well known re-
lation 〈cos(θ(L+ Lo)− θ(Lo))〉 = e
−L/ℓp , where θ(L) is
4the direction of the tangent to the curve at L, the values
were in range 30 − 50 nm for strong and weak adsorp-
tion conditions, which is in agreement with the literature
values[19, 28, 29, 30].
Apart from the critical exponents and the persistence
length, from the AFM images of weakly adsorbed simple
knots we can deduce the localization behavior, as (al-
most) all non-essential crossings are removed during the
slow trapping process. In Fig. 3 we present additional
images of DNA knots deposited under weak adsorption
conditions, illustrating the localization of the essential
crossings within a small region of the chain when allowed
to (partially) relax in 2D. The upper left image is an un-
knot of the same length as the knots and was extracted by
electroelution from the first band of the agarose gels. Al-
most all unknots we have imaged had no crossings, such
that the crossings on the other images, with significance,
must be due to essential crossings. Such localization into
a comparatively small knot region was predicted for 2D
self-avoiding chains in Ref. [14]. This localization is sig-
nificant, and therefore the polymer phase is different from
dense or Θ conditions, for which delocalization was pre-
dicted [31].
While future studies with more advanced techniques of
knot preparation are necessary to obtain more detailed
information, we demonstrated that AFM imaging and
determination of the fractal dimension of the chain con-
figuration provide an outstanding way to analyze the be-
havior of DNA knots.
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